Abstract. 2014 The magnetic phases of the quasi two-dimensional proton spin system in Ca(OH)2 are studied using the molecular field approximation. The results are used to describe the evolution of the nuclear spin system during the adiabatic demagnetization in the rotating frame (ADRF), which is used to cool this spin system. Thus, for the case that the nuclear spin temperature is negative and the external magnetic field is oriented parallel to the crystalline caxis, a ferromagnetic phase is expected.
J. Phys. France 51 (1990) The study of magnetic orderings of nuclear spin systems having dipolar interactions, was initiated by Abragam and coworkers [1] . They were the first to create dipolar ordered phases of the fluorine spins in the three dimensional system CaF2, using dynamic nuclear polarization (DNP) followed by an adiabatic demagnetization in the rotating frame (ADRF), to cool the nuclear spin system. Following their pioneering work, we investigated experimentally the magnetic ordering of the proton spins in Ca(OH)2 (see Fig. 1 ) and J. Marks [2, 3] was the first to observe an ordered phase. He found it to occur at negative spin temperature, while the externally applied magnetic field is oriented parallel to the crystalline c-axis. The ferromagnetic nature of this ordered phase was proven experimentally by J. C. M. Sprenkels [4] . He showed that the observed ferromagnet exhibits a domain structure, where the domains have the shape of pancakes, i.e. consist of many planes of proton spins as shown in figure 2b .
In order to understand their experimental results, Marks and Sprenkels used the molecular field approximation in the manner described by Goldman [1] . When applied to the case of Ca(OH)2 at negative spin temperature and with the magnetic field parallel to the crystalline c- axis, this approximation yields, that after completing the final cooling step, the ADRF, two different ordered phases are degenerate. So one cannot decide which of the two phases should actually be observed [4] . These two phases are the observed ferromagnetic phase shown in figure 2b and furthermore an antiferromagnetic phase which is shown in figure 2c . In both cases the nuclear spins within a crystal plane are parallel. The two cases differ however in the direction of the magnetization in successive planes. While in the ferromagnetic phase the spins are parallel in many successive crystal planes, the orientation of the spins alternates from plane to plane in the antiferromagnetic phase.
The degeneracy of these two ordered phases as calculated by the molecular field approximation, arises from the highly two-dimensional nature of the proton spin system in Ca(OH)2. As shown in figure 1 , the proton spins in this substance are arranged in planes perpendicular to the crystalline c-axis, where the distance between spins within one crystal plane is much smaller than the distance between the planes. As a result, a spin in a given crystal plane experiences a molecular field which is almost completely composed of dipolar fields of spins in that same crystal plane, while the dipolar fields of spins in other crystal planes yield a negligible contribution to this molecular field. Hence, this molecular field is the same for the ferromagnetic and antiferromagnetic phases shown in figures 2b and 2c and the molecular field approximation will yield equal energies for theses two phases.
The present paper is devoted to a study of the evolution of the proton spin system in Ca(OH)2 during the ADRF, which is used as the final step to cool the nuclear spin system. For this purpose we use the molecular field approximation to calculate the magnetic phase diagram of the nuclear spin system as a function of the effective fields that the spins experience during this ADRF. It will be shown that during the ADRF, the nuclear spin system always passes through a region where the ferromagnetic phase is favourable compared [5] , we will use the restricted trace approximation [6, 7] to extend the present treatment to include such short range correlations.
2. The nuclear spin system of Ca(OH)2.
The nuclear spin system in Ca(OH)2 consists of proton spins 1 = 1/2 having a gyromagnetic 2 ratio y = 2 7T 42.5759 x 106 s-1 1 T-1. To investigate its ordered phases, it is necessary to lower the temperature below the critical temperature which is -0.853 uK, according to the molecular field approximation [3] . Such an ultra low temperature is reached in three steps. First, the sample is cooled to 0.5 K using a 3He evaporation cryostat. Then the polarization p, = (Iz) II of the nuclear spins is increased by means of dynamic nuclear polarization (DNP) [8, 9 ] to a value p ° which is typically 0.7. The application of DNP corresponds to a strong increase of the order of the nuclear spin system or, equivalently, to a strong reduction of the entropy to a value [1] ] where N is the total number of nuclear spins. Furthermore, we render the entropy dimensionless, by dividing it by Boltzman's constant k.
In the final step of the cooling process, the Zeeman order which has been produced by the DNP, is transformed into dipolar order. This is achieved by an adiabatic demagnetization in the rotating frame (ADRF) [1] . In such an ADRF, the extemally applied magnetic field Bo is kept constant, contrary to the practice in a real adiabatic demagnetization. Instead, an rf-field is used, with a frequency in the neighbourhood of the nuclear Larmor frequency wo = yBo.
In order to describe the nuclear spin system under influence of this rf-field, we consider it in a frame of reference (x, y, z), rotating at the rf-frequency w around its z-axis. The z-axis is chosen parallel to the static magnetic field Bo, which is applied in the direction of the crystalline c-axis. The rf-field 2 B1 cos w t, which is oriented in the crystalline aa-plane, is decomposed into two rotating components, each with an amplitude B1. Then the x-axis of the rotating frame is chosen parallel to the component rotating in the same direction. The Hamiltonian in this rotating frame is given by where W 1 = 'YB 1 is the so-called transverse effective field in the rotating frame, 1; and Iix are the z-and x-components of the i-th spin and A = Wo -w is the longitudinal effective field. We The importance of using a rotating frame of reference, arises from the fact that, in the presence of a strong rf-field, the nuclear spin system is in internal thermal equilibrium in this rotating frame [8] , so we may define a nuclear spin temperature T in this rotating frame.
An ADRF now consists of reducing the effective fields 4 and w 1 adiabatically to 0, by first varying the frequency co of the rf-field and subsequently reducing its amplitude 2 B1. Just as a normal adiabatic demagnetization leads to a reduction of the normal temperature, this ADRF leads to a reduction of the temperature in the rotating frame. As a result, we obtain the extremely low spin temperature needed to order the nuclear spins.
In order to find the nature of the ordered phase during and after the ADRF, we will determine phase diagrams of the nuclear spin system as a function of the effective fields 4 and W 1. As an ADRF is adiabatic, entropy is conserved during its application. To obtain the evolution of the nuclear spin system during an ADRF, we will therefore need phase diagrams for given, constant values s° of the entropy. Equivalently, using equation (2.1), we will need phase diagrams for given constant values p ° of the nuclear polarization before the ADRF. We will perform calculations yielding such phase diagrams for the circumstances applying to our experiments, i.e. for negative spin temperature and for the externally applied magnetic field parallel to the crystalline c-axis. 3 . Principles of the calculation of the phase diagram.
The magnetic phase diagram is calculated, using the molecular field approximation. For our determination of the phase diagram of the proton spin system in Ca(OH)2 we consider three possible phases, the paramagnetic phase and the ferro-and antiferromagnetic phases. Each of these phases is characterized by the polarization p' = (Ii&#x3E; /1 of the nuclear spins. As illustrated in figure 2a these polarizations are equal in the paramagnetic phase. On the contrary, the ferromagnetic phase shown in figure 2b shows two types of domains. In one type the nuclear polarization p' = pA while in the other type p' = pB. The relative sizes of the two types of domains are x and 1 -x respectively. Finally, the antiferromagnetic phase shown in figure 2c has two sub-lattices of equal size with nuclear polarizations pA and pB respectively.
The calculation of the magnetic phase diagram at constant entropy now consists of two steps. For each of the three possible phases, we first determine the nuclear polarizations P' and the temperature T for given values of the entropy s and the effective fields 4 and w 1. According to thermodynamics these polarizations can be calculated from [10] where s is the dimensionless entropy. Furthermore, f3 = h/kT is the so-called inverse temperature, which has the dimension of inverse frequency, and is the energy of the spin system in frequency units.
Subsequently, we determine the phase diagram by investigating for each value of the effective fields à and w 1, which phase is most favourable, at a given value of the entropy. As we do this determination at negative temperature, we have to choose the phase with the highest energy.
Both steps in the determination of the phase diagram require that we obtain expressions of the energy and the entropy as a function of the polarizations p' for each of the possible phases. As in the case of the ferromagnetic phase, we must follow the routine of section 3 and insert the expressions (6.3) and (6.5) figure 3 has to be considered in more detail. When 4 = 0, the molecular field values of the energies of the ferromagnetic phase and the antiferromagnetic phase appear to be equal. Thus, a more detailed calculation might still yield that the antiferromagnetic phase is more favourable in a small region near this point. In order to find out whether this is the case, one should incorporate short range correlations, e.g. by using the restricted trace approximation. Such an extension of the present treatment will be considered in a following paper [5] .
We investigated the influence of an extension of the treatment of section 6 to higher order by performing a numerical calculation. For the case of the antiferromagnetic phase, we solved equations (6.10) and (6.11), using the Newton-Raphson method for non-linear equations [113] .
The resulting values of the nuclear polarizations and the inverse temperature were inserted in equation (6.3) in order to obtain the molecular field value of the energy of the nuclear spin system as a function of the effective fields and the polarization p ° before the ADRF. For the case that w 1 -0 and Po = 0.4, the result is plotted in figure 3b.
As one sees very clearly from figure 3b, the numerical calculations and the series expansions treated in section 6 give very similar results for 4 « 0. 6 A F P 0. Especially in the region 4 « 0.3 A Fp °, the series expansion seems to bc very good, the relative difference of the energy obtained by the two methods being about 0.001. Hence the molecular field approximation does really predict a degeneracy of the ferromagnetic and the antiferromagnetic phases at the point 4 = 0.
We conclude this section by considering the complete phase diagram as a function of L1 and w 1 shown in figure 4 . From equation (5.11) we find that for large effective fields, where the molecular field theory predicts the nuclear spin system to be paramagnetic. From comparing the molecular field values of the energy of the various phases as given by equations (4.6), (5.9), (6.8) and (6.18), we furthermore find that the spin system is expected to be ferromagnetic at smaller effective fields. However, at 4 = 0, the ferromagnetic and the antiferromagnetic phase are degenerate so the molecular field theory cannot decide which of the two will actually occur. 
Conclusion.
In experiments on the nuclear dipolar ordering of the proton spins in Ca(OH)2 the ordered phases are reached via an ADRF, i.e. an adiabatic reduction of the effective fields d and w i. It is clear from figure 4 , that one always passes through a ferromagnetic phase during such an ADRF. Thus, the present treatment explains the experiments of Sprenkels et al. [4] where such a ferromagnetic ordering has been observed.
However, for a longitudinal effective field 4 equal to zero, the molecular field approximation predicts that the observed ferromagnetic ordering is degenerate with an antiferromagnetic phase. Therefore one needs a more sophisticated treatment, taking into account short range correlations, in order determine the real ground state under these conditions. Such a treatment, using the restricted trace approximation will be given in a subsequent paper [5] .
